Motivated by recent STM experiments, we explore the magnetic field induced Kondo effect that takes place at symmetry protected level crossings in finite Co adatom chains. We argue that the effective two-level system realized at a level crossing acts as an extended impurity coupled to the conduction electrons of the substrate by a distribution of Kondo couplings at the sites of the chain. Using auxiliary-field quantum Monte Carlo simulations, which quantitatively reproduce the field dependence of the zero-bias signal, we show that a proper Kondo resonance is present at the sites where the effective Kondo coupling dominates. Our modeling and numerical simulations provide a theoretical basis for the interpretation of the STM spectrum in terms of level crossings of the Co adatom chains.
Motivated by recent STM experiments, we explore the magnetic field induced Kondo effect that takes place at symmetry protected level crossings in finite Co adatom chains. We argue that the effective two-level system realized at a level crossing acts as an extended impurity coupled to the conduction electrons of the substrate by a distribution of Kondo couplings at the sites of the chain. Using auxiliary-field quantum Monte Carlo simulations, which quantitatively reproduce the field dependence of the zero-bias signal, we show that a proper Kondo resonance is present at the sites where the effective Kondo coupling dominates. Our modeling and numerical simulations provide a theoretical basis for the interpretation of the STM spectrum in terms of level crossings of the Co adatom chains. The Kondo effect is one of the most extensively studied and adequately addressed many-body process occurring due to the screening of a local moment by a conduction electron cloud [1] [2] [3] . On the experimental side, recent advances in scanning tunneling microscopy (STM) open greater opportunities to realise and investigate the Kondo effect in various Kondo nanostructures [4] [5] [6] [7] [8] [9] [10] [11] . For instance, the recent STM experiments on finite atomic spin-chain realizations of Co adatoms in the presence of an external magnetic field have revealed an interesting interplay between the Kondo problem and the physics of quantum spin chains in a field 11 . Co adatoms on a Cu 2 N/Cu(100) surface carry a spin-3/2 with a strong uniaxial hard-axis anisotropy(D) 10, 12 , and applying an external magnetic field perpendicular to the surface, the Co adatom chain effectively behaves like a spin-1/2 XXZ chain in transverse field. The magnetic field induced level crossings of finite XXZ and SU(2) chains are similar so that the experiments of Ref. [11] can be discussed in the context of the SU(2) invariant version of the model:
Here, t is the hopping parameter of the conduction electrons, J k the antiferromagnetic Kondo coupling between a Co adatom and the conduction electrons, J h the Heisenberg antiferromagnetic coupling, h z an external magnetic field in the z direction, L the length of the Heisenberg chain,Ŝ l spin-1/2 operators andŜ c l = 1 2 σ,σ ĉ † l,σ σ σ,σ ĉ l,σ denotes the spin of conduction electrons. Throughout the calculation we set t, µ B = 1 and g = 2.
When the Kondo coupling is switched off (J k = 0), the chain undergoes a series of level crossings that lead to steps in the magnetization curve. In the geometry used in the experiment of Ref. [11] , J h and the Kondo energy k = k B T k are both of the order of 0.2 meV, with two important consequences: There is a competition between the Heisenberg coupling and the Kondo effect, and one can reach the saturation field of the isolated chain.
The main result of the STM experiments of Ref. [11] is to demonstrate that the differential conductance exhibits a series of anomalies as a function of the field, and that these anomalies coincide with the fields at which the isolated chain is expected to undergo level crossings. These anomalies are strongly site dependent however. Occasionally they take the typical V-shape of the Kondo resonance of a single impurity split by a magnetic field, but in most cases they are less pronounced if at all.
In this Letter, our goal is to provide a theory of STM that is valid at low temperature and that puts the measurements in the appropriate Kondo context. As we shall see, a Kondo effect is indeed present at each level crossing, but it corresponds to that of an extended impurity of size the length of the chain. The Hilbert space of this extended impurity corresponds to the twofold degenerate ground state of the spin chain at the level crossing. The presence or absence of a Kondo resonance at a given Co site where the STM signal is recorded depends i) on a matrix element encoding the fact that the ground state of the spin chain is addressed at a given Co site, and ii) on the magnitude of the effective Kondo coupling between the extended impurity and the substrate at the considered Co location. Method. At high temperatures, the differential conductance in the presence of the Kondo coupling can be calculated using perturbation theory. While the results reproduce the gross features of the experimental data, they are limited to a regime above the Kondo temperature, and cannot account for the details of the low temperature 2 data of Ref. [11] . For a particle-hole symmetric conduction band, our model can be simulated with the auxiliary field quantum Monte Carlo (QMC) algorithm without encountering the negative sign problem. We have used the finite temperature algorithm [13] [14] [15] of the ALF-project 16 and followed Refs. [17 and 18] for the implementation of our Kondo model. In the QMC calculation we consider a 20 × 20 square lattice with unit lattice constant and hopping matrix element t and consider a linear arrangement of magnetic adatoms at distance ∆l = (0, 3) or ∆l = (3, 2) from each other (up to L = 7). To overcome the finite size effects we included an orbital magnetic field corresponding to a single flux quantum traversing the whole lattice 19 , and a rather large value of the Kondo interaction J k /t = 2 so as to ensure that the Kondo scale of the single impurity problem remains larger than the finite size level spacing of the conduction electrons. Finally we consider J h /t = 1.8.
In the case of a single adatom (L = 1), the problem reduces to that of a single impurity. The low temperature STM signal observed in Ref. [11] consists of a single peak, the Kondo resonance, consistent with a tunneling process from sample to tip that goes through the localized d-orbital of the Co adatoms. To account for this in the realm of the Kondo model we compute cotunneling processes [20] [21] [22] given by:
Here σ = ± runs over the two spin polarization andŜ
This form can be obtained by starting from the single impurity Anderson model and applying the canonical Schrieffer-Wolf transformation (see supplemental material of Ref. [23] ) and agrees with the expression given in Ref. [24] .
Let us start by showing examples of spectral functions at level crossings obtained from QMC by stochastic analytic continuation 25 . As apparent from Fig. 1a) , for a single impurity we observe the characteristic temperature dependence of a Kondo resonance at zero field. 
FIG. 1. The spectral function computed using stochastic analytical continuation algorithm 25 at a given level crossings up to L = 4. For L > 1 we choose J h /t = 1.8 and J k /t = 2. The corresponding Kondo scale is extracted in Fig. 3 . also shows the magnetic field induced Kondo resonances. For the two site chain there is a single level crossing between the singlet and the triplet at gµ B h z = ∆ 0,1 1 . In the generic Kondo problem, time reversal symmetry protects the two-fold degeneracy of the impurity state. Here parity protects the level crossings and a Kondo resonance is apparent on both adatom sites, see Fig. 1b ). For the three site chain two level crossings occur before saturation. The ground state is a spin-1/2 doublet in zero field and resonances are seen on the first and third adatoms, see Fig. 1c) . At the second level crossing, the resonance is seen only on the central adatom, see Fig. 1d ). For L = 4, Kondo resonances emerge on outer adatoms at the first level crossing, see Fig.1e ), and on the central adatoms for the second level crossing, see Fig. 1.f) .
These results have been obtained at temperatures already representative of the low temperature regime, and they reproduce the main features of the experimental results (see Supplemental Material, Ref. [26] , Fig. 12 ). However, to make a quantitative comparison with the experiments, which correspond to much lower temperature, we will concentrate on the zero bias differential conductance measured in the STM experiment [10] [11] [12] as
where f (ω) is a Fermi function. In the low temperature limit the above maps onto:
is the imaginary time Green function which can be directly computed in the auxiliary field QMC. This approach avoids analytical continuation and our discussion will be based on the field dependence of this quantity. In the zero temperature limit the above equation is exact, and a more precise account of the zero bias differential conductance at finite temperature without using the analytical continuation can be obtained following Refs. [27] [28] [29] .
The QMC results of the local spectral function at zero frequency for k B T /t = 1/30 are compared to the zero bias conductance reported in Ref. [11] as a function of external magnetic field in Fig. 2 . Noticeably, up to four atoms the zero frequency spectral function shows excellent agreement with the corresponding zero bias conductance measured in the experiment. The temperature scales in the QMC and STM are comparable: the data presented in Fig. 2 that when the STM data at an adatom site shows a resonance, the local susceptiblity follows the expected universal behaviour,
, where T l k corresponds to the adatom and level crossing resolved Kondo temperature. Fig. 4 plots the temperature dependence of the zero frequency spectral function as estimated by
strong site dependence of the signal emerges below the Kondo temperature. We first concentrate on cases where we observe a dominant resonance. For these cases, the temperature dependence of the zero-bias conductance at the various sites (see Fig. 4 ) shows logarithmic increase at the Kondo scale upon reducing the temperature. At the other sites no such increase is observed. Quite remarkably, depending on the site, level crossings can show up as a peak, a dip, or a change of slope as a function of field. Accordingly, in the experimental results of Ref. [11] , the frequency dependence at a critical field may or may not show a Kondo resonance. Effective model. To provide an effective model for a given level crossing, p, we project the Hamiltonian on the two fold degenerate Hilbert space of the level crossing. Clearly such a strategy is valid only if the gap separating the next excited states of the spin chain is large compared to the effective Kondo scale. For our SU(2) model, this approximation will necessarily fail in the large L limit, but as we will see below it provides an accurate account of the QMC data for small L. Let
p } be the eigenstate of the Heisenberg chain with energies e m1,p , e m2,p that span the Hilbert space of the level crossing andP the projector onto this space. Defining a vector of Pauli spin matrices τ that act on this Hilbert space, the projected Hamiltonian, up to a constant, reads:
The energy difference between the two local states is 4 . The dashed lines denotes the expected level crossing spin-1/2 XXZ chain in the transverse magnetic field. This figure shows the whole range of external magnetic field use STM measurement. We use common legends for same atoms for di↵erent length chains. These two figure provide more clear visual for the comparison of QMC and STM data. 
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given by ∆ m1,m2 p = e m2,p − e m1,p ,n = This model can be interpreted as the Kondo model of an extended impurity that is coupled to the conduction electrons at L points (see Fig. 5 ). The projection does not affect the U(1) spin symmetry of the model, but as shown in Table I it yields a strong site dependence of the effective couplings j ⊥,z l,p . To compute the co-tunneling within the effective model, we still have to project the spin operator onto the level-crossing Hilbert spacePd † l,σP =ĉ † l,−σPŜ σ lP + σĉ † l,σP S z lP so that it acquires a site dependence when written in terms of τ operators. This reflects the fact that in the experiment the extended states |m 1 and |m 2 are addressed via manipulation of one of the constituent Co d-spins. A detailed numerical analysis of the effective model along these lines is left for future studies. However, it is already clear that it provides a qualitative interpretation of the data in terms of a projection induced hierarchy of Kondo scales (see Ref. [26] , Table IV ). Consider for instance the four-site chain at the first, p = 1, level crossing for which j Thereby, the Kondo singlet will be predominantly formed by an entangled state of the degenerate two level system, {|m 1 , |m 2 } and a symmetric combination of the conduction electron spins on sites one and four (see Ref. [26] , Section B.). This provides an understanding of the observed Kondo like temperature dependence of the zerobias conductance at sites one and four.
In Fig. 6 we consider chains up to seven spins. Here, an accurate comparison of the zero bias conductance is hard due to the asymmetric line shape of the Kondo resonances that arise in the experiment due to the potential scattering between tip and sample [20] [21] [22] 31 , but a reasonable agreement can be achieved slightly away from the zero bias around V ∼ 0.4 − 0.8 mV as shown in Fig. 6 . As the chain size grows, the spectrum will collapse, and our understanding in terms of the projection onto the two-fold level crossing Hilbert space fails. In fact in this limit we expect a crossover to Kondo lattice behavior characterized at the mean field level by hybridized heavy and light bands in a magnetic field (see Ref. [26] , Section C). For an infinite Heisenberg chain and within this approximation, we expect the conductance to reflect the local spinon density of states.
To summarize, we have shown that the STM measurements on Co adatom chains agree remarkably well with QMC simulations of a model of spin-1/2 chains in a field coupled to a conducting substrate via local Kondo couplings. To interpret the strong site dependence of the signal, we have performed a projection onto the symmetry protected level crossing Hilbert space of the spin chain that leads to the notion of an extended impurity with site dependent Kondo couplings. Consequently, screening happens via the dominant channel such that site and level crossing dependent Kondo resonances are observed in the STM co-tunneling conductance as well as in the Monte Carlo simulations. As a function of chain length, the above construction will progressively fail and we expect a crossover to Kondo lattice physics, in which the STM signal will pick up the two spinon continuum of the spin chain. Further work at understanding the details of the extended impurity Kondo model, as well as the crossover to the lattice limit is presently under progress.
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Supplemental Material for: Exploring the Kondo effect of an extended impurity with chains of Co adatoms in a magnetic field
A. Effective models at level crossings
To derive the effective model at level crossing p (see Fig. 9 and Fig. 10 ) we project the Hamiltonian of Eq. (1) onto the Hilbert space spanned by the states |m 1 , |m 2 of the level crossing of a finite Heisenberg chain at a given critical magnetic field.Ĥ
The states are explicitly given in Table II . We further introduce pseudo spin-1/2 operators;τ l=1Ŝ l · S l+1 ) and corresponding eigenenergies, lowest excitation gap, and effective magnetic field. Table I . The other effective parameters of Eq. (4) are given in Table II up to L=4. When calculating the local matrix elements, we obtain an alternative ± sign of j ⊥ l,p which does not affect Kondo physics 32, 33 . For simplicity we omitted this sign (−1) l in Table I of the main text. Noticeably, for a Heisenberg chain (J h L−1 l=1Ŝ l ·Ŝ l+1 ) the effective couplings (j ⊥,z l(l ),p ) are independent of J h (see Table I ). However, for an XXZ chain (J xy
) the ratio of the exchange parameters J zz /J xy appears in the expression of the effective couplings. Since they do not have a simple form, we choose to plot them as a function of J zz /J xy in Fig.7 and Fig.8 for chains of three and four atoms respectively. As for the Heisenberg chain (J zz /J xy = 1), there is always a strong site dependence of the effective couplings when varying J zz /J xy = 0, · · · , 1. Hence, the magnetic field induced level crossings in finite XXZ and Heisenberg chains is expected to show a similar site dependent Kondo physics. Starting from the effective Kondo Hamiltonian for a chain of two atoms at singlet-triplet level crossing, which readŝ
Here, the summation l goes over l = 1, · · · , 
To estimate the Kondo scale we use c = √ 2 if two atoms at the position l and l are symmetrically involved in the Kondo resonance and c = 1 if only one atom shows a Kondo resonance. The latter case corresponds for example to the central atom of an odd sized chain. Furthermore, we use a constant density of states ρ = 1 in all cases. At a level crossing p and depending on the sign ofj z l,p 32-36 (see Table III ) a relative estimate of Kondo scale ( Table IV . 
